Here we explore a finite-field variant of the problem. This, along with the results of Bolker [l] furnishes a fairly complete set of finite analogues of the basic theorems for the continuous Radon transforms. For other recent Radon inversion problems involving finite groups see [2, 31 . DEFINITION. A spread of hyperplanes in X (or just spread for short) is a collection of pairwise disjoint hyperplanes whose union is all of X.
It was shown by Bolker (see [ 11) that the range of the Radon transform is intimately tied to spreads. Specifically, a hyperplane function g(H) can be represented as Rf(H), the Radon transform of the point function f(x), if and only if the sum C HEn, g(H) is independent of the spread us. The admissibility problem can also be answered using spreads.
THEOREM.
Let %7 be a complex in Y. Then V is admissible if and only if for every pair of parallel hyperplanes {P,, Pz} either P, 6% or P, ES'. Equivalently, an admissible complex is missing at most one hyperplane from any given spread.
We first prove LEMMA.
Let '47 be a complex in Y. Then %? contains an entire spread w.
Proof of the Lemma. There are (q" -1 )/(q -1) spreads and q(q" -l)/ (q -1) elements in Y. If one removes a hyperplane from each spread one has only 4(4"-1) (4"-1)
hyperplanes left. Since # C = q" there must be an entire spread w in %'. Q.E.D.
Proof of the Theorem. We first show that if %? satisfies the hypothesis then Rfl Q is injective. Let w be a spread contained in %?. If we are given the Radon transform Rf(H) for all HE V we can recover the total mass p(f) as follows:
Af )= c Rf(H).
HEW
To recover the function f it is suflicient to recover Rf (H) for all HE Y (R is injective). If HE %? then we already know rif( H). Thus we may assume that H $ C and that U, the spread containing H, is not W. In this case, %7 contains every element of u except H. Thus
recovers Rf(H). Conversely, suppose that @? is missing a parallel pair of hyperplanes (H, , H,) In particular, Rj"l Q = 0. Thus R is singular whenever V is missing two hyperplanes from the same spread.
Q.E.D.
EXAMPLE.
Let n = q = 2. The plane Fi has four points (00, 01, 10, 11 } and six lines: (00-01, 00-10, 00-11, 10-11, 01-11, 01-lo}. The complex C= {00-01, 01-11, 01-10, 00-ll} is admissible, but the restricted Radon transform does not satisfy the Bolker conditions. This phenomenon is typical of the continuous case.
REMARKS
The condition that %? lacks exactly one element from a given spread if it lacks any at all is reminiscent of analogous results obtained microlocally in the continuous category by V. Guillemin, I. M. Gelfand, and others. The main idea is that the admissibility problem is equivalent to a problem in partial differential equations. The search for admissible complexes is equivalent to the search for subvarieties with the property that a certain Cauchy problem has a unique solution if it has any solution at all. See [S] for a fairly introductory exposition and [6] for deeper results requiring a substantial amount of microlocal analysis.
The corresponding problem for the k-dimensional transform is much more complicated both in the finite and the continuous categories. In the finite case, the range characterization for the k-plane Radon transform with 0 <k <n requires a localization of spreads. Specifically, iet L be a (k + I)-plane in X and let w be a spread of k-planes in L (viewed as hyperplanes in L). We call w a Iocal spread in X. If g(H) is a function of k-planes in X that lies in the range of the Radon transform then CHE w g(H) is independent of the spread w of L. Conversely, if these compatibility conditions are satisfied for every k-plane L in X (not necessarily through the origin) then g lies in the range of the Radon transform (see Bolker [ 11, or merely localize the corresponding result for hyperplanes). Thus one would suspect that the answer to the admissibility problem has to do with local spreads. Indeed, by localizing the theorem above one can exhibit many examples of admissible complexes %'. For each x E X choose a (k + 1 )-plane L containing x. Within each L choose an admissible complex W(L). The collection of all k-planes thus generated is sufficient to invert the Radon transform, but its cardinality may be too large (this will happen unless the k-planes L form a global spread for Xl. Thus one can remove some k-planes from this collection and still maintain invertibility. In this case we have an additional classification problem to resolve: the passage from a union of admissible complexes in local spreads to a minimal collection of k-planes in X, hence the added complexity. Choose any admissible quadruple of lines within each of these two planes; together they clearly give an admissible complex for X. To obtain a qualitatively different such %', start with any admissible quadruple of lines within the top plane, and add the lines OO&OOl, 100-101, Ol&Oll, 110-l 11 (the "support columns"). The resulting collection of 8 lines is an admissible complex of lines in X because all data in the top plane can be recovered using only lines in that plane, and the support columns then furnish the data on the lower plane. We cannot expect the two complexes to be linearly related, since even in the hyperplane case there are admissible complexes that are not linearly related. But all the admissible complexes in the hyperplane case are equivalent under the group of permutation of spreads and permutations of lines within each spread, The two examples above cannot be related by a permutation of local spreads followed by a permutation of lines within each spread because the lines in the first example can be recovered by just two local spreads while the lines in the second example cannot be so covered. These examples indicate that the classification of admissible complexes of k-planes is richer than that of hyperplanes.
